Abstract. We present a new proof of Benoist-Quint's finite or dense dichotomy for orbits of Zariski dense subgroups acting on the quotient space of SO
Introduction
Let G = SO
• (d, 1) for d ≥ 2, and let ∆ be a cocompact lattice in G. Let Γ be any Zariski dense subgroup of G, acting on the space ∆\G by right translations.
The aim of this paper is to present a new proof of the following theorem of Benoist-Quint in [2] , which was a question of Margulis [6] and Shah [13] : Theorem 1.1. Any Γ-invariant subset of ∆\G is either finite or dense.
The proof of Benoist-Quint is based on their classification of stationary measures for random walks on Γ on the space ∆\G. Our proof is topological and can be easily modified to all rank one simple Lie groups; for the sake of concreteness, we opted to write it only for SO
• (d, 1). In the case when G = SO
• (2, 1), ∆ is a cocompact lattice and Γ is a finitely generated Zariski
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dense subgroup with no parabolic elements, Benoist-Oh gave a topological proof of Theorem 1.1 when the Γ-invariant subset is a single Γ-orbit [3] . A Zariski dense subgroup of G is either discrete or dense in G. Hence it suffices to consider the case when Γ is discrete and Zariski dense. Our starting point is then the observation that Theorem 1.1 can be translated into a problem on the orbit closure of unipotent flows on a homogeneous space of infinite volume. If we set H = {(g, g) : g ∈ G} to be the diagonal embedding of G into G × G, a basic simple observation is that Theorem 1.1 is equivalent to the following statement about the H-action on the product space (Γ × ∆)\(G × G), which has infinite volume unless Γ is a lattice. Theorem 1.2. Any H-invariant closed subset of (Γ×∆)\(G×G) is either a union of finitely many closed H-orbits or dense. In particular, any H-orbit is either closed or dense.
When Γ is a lattice in G, i.e., when the homogeneous space (Γ×∆)\(G×G) has finite volume, Theorem 1.2 is a special case of Ratner's orbit closure theorem and Mozes-Shah theorem [9] .
On the proofs. Any Zariski dense discrete subgroup of G contains a Zariski dense Schottky subgroup (Lemma 7.3). Hence in proving Theorem 1.1, we may assume without loss of generality that Γ is a convex cocompact Zariski dense subgroup. Set Z := (Γ × ∆)\(G × G). Let A denote the diagonal subgroup of G, and U denote the horospherical subgroup of H = {(g, g) : g ∈ G}. Our proof is based on the study of the action of U on Z. Let Ω denote the subset of Z consisting of all bounded A × A-orbits, which is a compact subset. For x ∈ Ω, set T(x) := {u ∈ U : xu ∈ Ω}. Then for any sequence λ i → ∞, we show that the renormalization T ∞ := lim sup i λ −1 i T(x) is locally Zariski dense at e, i.e., for any neighborhood O of e in U , T ∞ ∩ O is Zariski dense in U (Lemma 3.2). This is the key recurrence property we use in carrying out the unipotent dynamics for U -action on Z. We remark that this recurrence property is much weaker than the notion of thickness used in [8] and [5] , where the thick return property was required for any one-parameter subgroup of U ; the latter strong property holds for hyperbolic manifolds with Fuchsian ends but not for a general convex cocompact manifold such as Schottky manifolds.
The reasons why we can work with this type of weak recurrence property are the following:
(1) U is large; its projection to each factor is a horospherical subgroup of G (2) one factor of Z, which is ∆\G, is a compact space. We prove that any closed H-invariant subset X contains a U -minimal subset Y with respect to Ω such that Y C ⊂ X for some smooth non-degenerate curve C inside the horospherical subgroup of {e} × G. Once we do that, using the invariance of X under the diagonal embedding of A, we can finish the proof; we mention that we use Ratner's theorem for a one-parameter unipotent semigroup action on the compact homogeneous space ∆\G in this final step (see sections 6-7).
Notations and background
The group G itself can be understood as the oriented frame bundle over H d . Let A = {a t : t ∈ R} be the one-parameter subgroup of semisimple elements such that A centralizes M and the right translation action of a t on G/M corresponds to the geodesic flow on
we write v + for the forward end point of the associated geodesic in the boundary ∂H d and v − for the backward end point. For g ∈ G, we define
We denote by U the contracting horospherical subgroup of G;
The group U is isomorphic to R d−1 ; we use notation U = {u t : t ∈ R d−1 }. We use the following notation in the sequel:
• M 1 = M × {e}, and M 2 = {e} × M. Let Γ 1 < H 1 be a Zariski-dense convex cocompact subgroup and Γ 2 < H 2 be a cocompact lattice. We assume that both are torsion-free. For each i = 1, 2, let
be the associated real hyperbolic manifold, and let Λ i ⊂ ∂H d = S d−1 denote the limit set of Γ i . By the assumption on Γ 1 , the convex core of S 1 , which is given by Γ 1 \ hull(Λ 1 ) is compact. As Γ 2 is a lattice in H 2 , we have
Hence Ω is a compact subset of Z invariant under
3. Local Zariski density of the renormalization of the U -recurrence
We often identify U with R d−1 via the map (u, u) → u, and the notation u means the Euclidean norm of u. To ease the notation, we oftentimes write u ∈ U , identifying u with (u, u).
For x ∈ Ω, we define the following recurrence time of x to Ω under U :
Since g + 1 ∈ Λ 1 and Λ 1 has no isolated point, it follows that T(x) is unbounded. Lemma 3.2. For any x ∈ Ω and for any sequence numbers λ i → +∞, there exists z ∈ Ω such that
In particular, for any neighborhood O of e in U ,
Proof. Note that λ
Since Ω is a compact A-invariant subset, passing to a subsequence, xa s i converges to some z ∈ Ω as i → ∞. It follows that lim sup T(xa s i ) ⊃ T(z); the first claim follows. The second claim follows from Lemma 3.1.
Unipotent blowup
For simplicity, set H := H 1 × H 2 . For a subgroup S < H, we denote by N(S) the normalizer of S. For a subgroup g 2 ) and the lemma is proved.
Then for any x ∈ Ω and for any neighborhood O of e in H, there exists sequences u ′ i ∈ U and
and that the product map from U × L to H is a diffeomorphism onto a Zariski open neighborhood of e in G. Following [7] , we will construct a quasi-regular map ψ : U → N(U ) ∩ L associated to the sequence g i . Except for a Zariski closed subset of U , the product g i u can be written as an element of U L in a unique way. We denote by
Since U is an algebraic subgroup, by Chevalley's theorem, there exists an R-regular representation H → GL(W ) with a distinguished point p ∈ W such that U = Stab(p). Then pH is locally closed, and
The mapφ i : U → W defined byφ i (u) = pg i u is a polynomial map in d − 1-variables of degree uniformly bounded for all i, andφ i (e) converges to p as i → ∞. As g i ∈ N(U ),φ i is non-constant. Denote by B(p, r) the ball of radius r centered at p, fixing an M -invariant norm · on W .
Since pH is open in its closure, we can find λ 0 > 0 such that
Without loss of generality, we may assume that λ 0 = 1 by renormalizing the norm. Now define
Note that λ i < ∞ as φ i is nonconstant, and λ i → ∞ as i → ∞, as g i → e. We define φ i : U → W by
This forms an equi-continuous family of polynomials on U = R d−1 . Therefore, after passing to a subsequence, φ i converges to a non-constant polynomial φ uniformly on every compact subset of U . Moreover sup{ φ(u) − p : u ∈ B U (1)} = 1, φ(B U (1)) ⊂ pL, and φ(0) = p. Now the following map ψ defines a non-constant rational map defined on a Zariski open dense neighborhood U of e in U :
We have ψ(e) = e and
where the convergence is uniform on compact subsets of U . It is easy to check that Im ψ ⊂ N(U ) ∩ L = AM U 2 using (4.1). Set
Let O ′ be a neighborhood of 0 in U such that φ(O ′ ) ⊂ pO. Since φ(t) is a nonconstant polynomial, it follows from Lemma 3.2 that there exists
Let t i ∈ T(x) be a sequence such that λ −1 i t i → t as i → ∞ (by passing to a subsequence). Since ψ i • λ i → ψ uniformly on compact subsets,
for some sequence u i ∈ U . Note that φ(t) = pψ(t) for some ψ(t) ∈ AM U 2 ∩ O. Since φ(t) 2 = p 2 and · is M -invariant, we have ψ(t) ∈ M . Hence this finishes the proof.
Proof. The Lie algebra of H 2 is given by h. Write r i = exp q i for q i ∈ h. Define a polynomial map ψ i : U 2 → h by
Hence φ(t) belongs to the centralizer of U 2 . Since the centralizer of U 2 in h is equal to Lie U 2 , the claim follows.
Set
. Fix t ∈ T ∞ such that φ(t) = 0; this exists by Lemma 3.2. Let t i ∈ T(x) be a sequence such that λ −1 i t i → t as i → ∞. As φ i → φ uniformly on compact subsets, it follows that
Hence, by exponentiating, we obtain that u −1 t i r i u t i converges to a non-trivial element of U 2 .
Relative minimal subsets and additional invariance
Let X be a closed H-invariant subset of Z. A closed U -invariant subset Y of X is called U -minimal with respect to Ω if Y ∩Ω = ∅ and for any y ∈ Y ∩Ω, yU is dense in Y . Since every H-orbit in Z intersects Ω, X ∩ Ω = ∅. By Zorn's lemma, there exists a U -minimal subset Y of X with respect Ω, which we fix in the following. Proof. The claim follows since U 1 and U 2 act minimally on RF + S 1 and Z 2 respectively [15] .
Lemma 5.2. Let S be a closed subgroup of N(U ) containing U . For any y ∈ Y ∩ Ω, the orbit yS is not locally closed.
Proof. Suppose that yS is locally closed for some y ∈ Y ∩ Ω. We claim that there exists u i → ∞ in U such that yu i → y. Let
Since T(y) is unbounded, there exists u i → ∞ in U such that yu i ∈ Y ∩ Ω. Since any limit of the sequence yu i belongs to Q ∩ Ω, we have Q ∩ Ω = ∅. Since Q is a closed U -invariant set, Q = Y by the relative U -minimality of Y . In particular, y ∈ Q, proving the claim. We may assume that y = [e] without loss of generality. Let Γ = Γ 1 × Γ 2 . Since yS is locally closed, yS is homeomorphic to (S ∩ Γ)\S. Therefore there exists δ i ∈ S ∩ Γ such that δ i u i → e as i → ∞.
Since N(U ) = AM U 1 U 2 , writing δ i = a i r i for a i ∈ A and r i ∈ M U 1 U 2 , it follows that a i → e as i → ∞. On the other hand, note that a i is non-trivial as Γ does not contain any elliptic or parabolic element. This is a contradiction, as there exists a positive lower bound for the translation lengths of elements of Γ 1 ∪ Γ 2 . We may assume the map g → yg ∈ X is injective on O. Set
which is a closed subgroup of N(U ) containing U . We will show that yS is locally closed; this contradicts Lemma 5.2. We first claim that Proof. It suffices to prove that there exists a sequence
Let O k be a decreasing sequence of neighborhoods of e in G so that k O k = {e}. By Lemma 4.2 to g
Since Y ∩ Ω is compact, yu i converges to some y k ∈ Y ∩ Ω as i → ∞, by passing to a subsequence. Hence as i → ∞,
Since y k ∈ Y ∩ Ω and α k ∈ N(U ), it follows that Y α Proof. By the hypothesis, there exists a sequence g i → e in H − H such that yg i ∈ X. Since X is H-invariant, we may assume
Hence if g i ∈ N(U ) for some i, then we can simply take v := g i . Now suppose that g i / ∈ N(U ) for all i. Hence, by Lemma 4.3, there exists u i ∈ T(y) such that u
The sequence yu i converges to some y 0 ∈ Y ∩Ω, by passing to a subsequence. Hence y 0 v ∈ X. It follows Y v ⊂ X by the relative minimality of Y .
Expansion of a smooth curve inside a horospherical subgroup
We will need the following lemma in the next section: it is in the proof of this lemma for which we use Ratner's theorem ( [10] , [11] ): Proof. Let us identify U 2 ≃ R d−1 and write D(t) = tD ′ (0) + t 2 R(t) for some continuous function R : [0, 1] → U 2 . Let r ≥ 0 be arbitrary. We claim lim inf a t i Da −t i contains rD ′ (0). We set s i := re −t i . Then s i → 0 and
This proves the lemma.
Proposition 6.3. Let V + be a one-parameter subsemigroup of U 2 . For any z ∈ Z 2 , there exists q ∈ M 2 such that zqV + is dense in Z 2 .
Proof. Let V be the one-parameter subgroup spanned by V + . By Ratner's uniform distribution theorem [10] , for any x ∈ Z 2 , xV + is dense if and only if xV is dense. Moreover, since Z 2 is compact, the set {x ∈ Z 2 : xV is not dense in Z 2 } is contained in the singular set
where L belongs to some countable collection of proper reductive algebraic subgroups of H 2 such that [e]L is closed and L ∩ Γ 2 is a Zariski dense lattice in L and X(L, V ) = {g ∈ H 2 : gV g −1 ⊂ L} ( [10] , [12, Proposition 3.10]). Choose g ∈ H 2 so that z = [g]. Suppose that zM 2 ⊂ S (V ). Then there exists a proper reductive algebraic subgroup L such that a positive measurable subset of gM is contained in X(L, V ). Since X(L, V ) is a real algebraic submanifold, it follows that gM ⊂ X(L, V ).
This is a contradiction, since no proper reductive subgroup of H 2 can contain a horospherical subgroup U 2 .
Proof of Lemma 6.1. Define D(t) = C(t) − C(0) (in the additive notation for
Fix any compact orbit zA 2 M 2 . By Proposition 6.3, we may assume that zV + is dense by modifying z using an element of M 2 . Note that since zaV + = zV + a for any a ∈ A 2 , we have zaV + dense for any a ∈ A 2 . Hence za −t i converges to some z 0 m where z 0 ∈ zA 2 and m ∈ M 2 , by passing to a subsequence. Then zm
7. Invariance by smooth curves and conclusion Proof. By Proposition 5.4, there exists a one-parameter subsemigroup S ⊂ AM U 2 such that S ⊂ M and Y S ⊂ Y . Now S is either an unbounded subsemigroup of w −1 AM w for some w ∈ U 2 , or is contained in M U 2 but not in M . Case 1: S ⊂ w −1 AM w and S is unbounded. Suppose that w = e; so S = {(m t a t , m t a t ) : t ≥ 0}. By Proposition 5.5,
Next, suppose w = e and write S = {(m t a t , w −1 m t a t w) : t ≥ 0}. Observe that Y SAM ⊂ X, and define C : [0, 1] → U 2 by C(t) = (e, w −1 m t a t wa
Since C ⊂ SAM , we have Y C ⊂ X. In this case, it is clear that C ′ (0) = 0. Case 2: S ⊂ M U 2 . There exists ξ ∈ Lie M and η ∈ Lie U 2 − {0} such that S = {φ(t) := exp(t(ξ + η)) : t ≥ 0}. Let δ(t) ∈ M be the unique element such that φ(t)δ(t) ∈ U 2 . Define C : [0, 1] → U 2 by C(t) := φ(t)δ(t). Since φ(0) = e, φ ′ (0) = ξ + η, and δ(0) = e, we have
On the other hand, since C ′ (0) ∈ Lie(U 2 ) and δ ′ (0) ∈ Lie M , it follows δ(0) = −ξ and C ′ (0) = η = 0.
Proposition 7.2. Let E be an H-invariant subset of Z which is not closed. Then E is dense in Z.
Proof. Let X denote the closure of E. By the assumption, there exists x ∈ X − E. Since any H-orbit meets Ω, we may assume x ∈ (X − E) ∩ Ω, by modifying x using an element of H. We claim that there exists a U -minimal subset Y of X with respect to Ω such that for some y ∈ Y ∩ Ω, X − yH is not closed. If E is locally closed, then X −E is a closed subset. Let Y be a U -minimal subset of X − E with respect to Ω. Choose y ∈ Y ∩ Ω. Then X − yH is not closed, since y ∈ X − E.
If E is not locally closed, then X − E is not closed. Let Y be a U -minimal closed subset of xH with respect to Ω.
Therefore, Y satisfies the hypothesis of Theorem 7.1. Therefore there exists a smooth curve C : [0, 1] → U 2 such that C ′ (0) = 0 and Y C ⊂ X.
By Lemma 6.1, there exists y 2 ∈ Z 2 such that for any sequence t i → +∞,
By Lemma 5.1, we can choose y 1 ∈ RF + S 1 such that (y 1 , y 2 ) ∈ Y . By replacing (y 1 , y 2 ) with (y 1 u, y 2 u) for some (u, u) ∈ U , we may assume y 1 ∈ RF S 1 , as (7.1) holds for y 2 u as well. Since y 1 belongs to the compact A 1 -invariant subset RF S 1 , there exists t i → +∞ such that y 1 a −t i converges to some z 1 ∈ RF S 1 . As (y 1 , y 2 ) ∈ Y and X is A-invariant, it follows (y 1 a −t i , y 2 Ca −t i ) ⊂ X. By (7.1), we obtain {z 1 } × Z 2 ⊂ X. Since X is H-invariant, this implies X = Z. Proof. Let Λ denote the limit set of Γ. For each loxodromic element γ ∈ Γ, γ + and γ − are respectively the attracting and repelling fixed points of γ. As Γ is non-elementary, it follows from [4, Proposition 2.7] that the set {(γ + , γ − ) : γ is a loxodromic element of Γ} is a dense subset of Λ × Λ.
Choose two loxodromic elements γ 1 , γ 2 ∈ Γ such that {γ Now we can find a sufficiently large k such that γ k i , i = 1, · · · , m form a Schottky generating set. Let Γ 0 be the subgroup generated by them. Since the limit set of Γ 0 contains the set of all fixed points of γ k i , which is equal to {γ ± i : i = 1, · · · , m}, it is not contained in any proper sub-sphere of S d−1 . Hence Γ 0 is Zariski dense.
Proof of Theorems 1.1 and 1.2. In order to use the notations introduced in sections 2-6, let Γ 1 be a Zariski dense discrete subgroup and Γ 2 be a cocompact lattice in G. The equivalence of Theorems 1.1 and 1.2 follows since the following are all equivalent to each other for any (g 1 , g 2 ) ∈ H 1 ×H 2 :
(1) The orbit [(g 1 , g 2 )]H is closed (resp. dense) in (Γ 1 × Γ 2 )\(H 1 × H 2 ); (2) The orbit (Γ 1 × Γ 2 )[(g 1 , g 2 )] is closed (resp. dense) in (H 1 × H 2 )/H; (3) The product Γ 2 g 2 g −1 1 Γ 1 is closed (resp. dense) in G; (4) The orbit [g 2 g −1 1 ]Γ 1 is closed (resp. dense) in Γ 2 \H 2 . By Lemma 7.3, Γ 1 contains a Zariski dense convex cocompact subgroup, say, Γ 0 . Since any Γ 1 -invariant subset of Γ 2 \G is Γ 0 -invariant, it suffices to prove Theorem 1.1 (or Theorem 1.2) for Γ 0 . Therefore we assume that Γ 1 is convex cocompact without loss of generality. Suppose that X is a closed H-invariant subset of Z = Γ 1 \H 1 × Γ 2 \H 2 , and suppose that X = Z. If X consists of finitely many H-orbits, then each of them must be closed by Proposition 7.2. Now suppose that X contains infinitely many H-orbits, say x i H. Each x i H should be closed again by Proposition 7.2. Consider the set E := x i H. Recalling that every H-orbit meets Ω, we may assume that x i ∈ Ω and it converges to some x ∈ Ω − E; if x ∈ x j H, then we replace
